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1. Introduction 
There are a great number of fluid-solid interaction problems in the real world such as 
locomotion of flagellum in the field of biology and fiber flocculation and dispersion in 
various industries. 
Lattice Boltzmann simulation, an effective fluid simulation method, with a lattice spring 
model, a method to simulate solid deformation, is a powerful tool to deal with complex 
interactions between flexible solid structures and fluid flows. The lattice Boltzmann method 
has been extensively used to simulate dynamic motion of solid particles suspended in either 
laminar or turbulent flows. For solid domains, a coarse-grained model such as the lattice 
spring model (LSM) (Buxton, Verberg, Jasnow, & Balazs, 2005) has been employed to model 
the deformation and motion of flexible bodies in fluid flows. Recently, a generalized lattice 
spring model (GLSM) has been presented by considering three-body forces or angular bonds 
in addition to the two-body spring bonds (Wu, Guo, He, Liu, & Qi, 2014) so that the 
generalized lattice spring model can effectively handle bending deformation. 
Both of the LSM and the GLSM only use the simplest potential, harmonic potential, to 
represent the bonds between adjacent particles. One of the defects of a harmonic spring is that 
the distance between two bonded particles can be extended infinitely if the spring force is 
large enough. The consequence of the defect is that the simulation may be diverged because 
two particles are excessively extended and overlapped when a large spring force is used for a 
relatively stiff solid body. To overcome the defect, a non-linear potential which is named 
finitely extensible nonlinear elastic (FENE) potential with Lennard-Jones potential (FENE-LJ 
potential), was proposed and used frequently in molecular dynamic simulations (Kremer & 
Grest, 1990) (Tirion, 1996). The advantage of the FENE-LJ potential is that two bonded solid 
particles cannot be extended too far due to an infinitely large potential well, which traps the 
particles. Therefore, we will borrow FENE-LJ potential to simulate dynamic behavior of 
flexible bodies in fluid flows within the frame of lattice Boltzmann simulation. The new solid 
structure model is named the generalized lattice nonlinear spring model (GLNSM). The 
important critical step is to identify a relationship between Young’s modulus, an important 
property of matters to describe extension, and the GLNSM (FENE-LJ potential) since 
deformation and motion of a flexible body is macroscopically determined by Young’s 
modulus. Unfortunately, to our best knowledge, how the macroscopic parameter, Young’s 
modulus, relates to the GLNSM (FENE-LJ potential) is not revealed so far. 
The main contribution of the present work is that a detailed derivation of Young’s 
modulus from the GLNSM (FENE-LJ potential) is presented and we point out that a 
coefficient K in the FENE-LJ model is not directly equal to a spring constant used in the 
literature (Urgessa, 2007). The GLNSM (FENE-LJ potential) is used in lattice Boltzmann 
simulation for the first time. It is expected that the GLNSM can simulate more stiff structures 
in comparison to a linear harmonic spring. 
In this article, Section 2 describes the GLNSM and its relationships to Young’s modulus. 
In Section 3, comparisons between the GLNSM and the previous model validate the 
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relationships which have been derived in Section 2. The final section presents the conclusion 
of the research. 
2. Simulation Method 
I. Immersed boundary lattice Boltzmann method 
Immersed-boundary lattice Boltzmann method is a numerical method which combines 
the lattice Boltzmann method (LBM) and the immersed-boundary method. 
In LBM, a group of lattice nodes are used to represent fluid. Each node has distribution 
functions 𝑓𝜎 and discrete velocity 𝒆𝝈, where 𝜎 depends on the chosen lattice model. The 
Boltzmann equation with Bhatanaga-Gross-Krook single relaxation time is  
 𝑓𝜎(𝒓 + 𝒆𝝈, 𝑡 + 1) = 𝑓𝜎(𝒓, 𝑡) −
1
𝜏
[𝑓𝜎(𝒓, 𝑡) − 𝑓𝜎
𝑒𝑞(𝒓, 𝑡)] (1) 
where 𝜏 is the relaxation time and 𝑓𝜎
𝑒𝑞(𝒓, 𝑡) is the equilibrium distribution function at the 
position 𝒓 and the time 𝑡 as 
 𝑓𝜎
𝑒𝑞(𝒓, 𝑡) = ωσρf [1 + 3(𝒆𝝈 ∙ 𝒖) +
9
2
(𝒆𝝈 ∙ 𝒖)
2 −
3
2
(𝒖 ∙ 𝒖)] (2) 
where 𝒖 is the fluid velocity. In this simulation, the D3Q15 lattice model is applied and the 
discrete velocity is given by 
 𝒆𝝈 = {
(0,0,0), 𝜎 = 0
(±1,0,0), (0, ±1,0), (0,0, ±1), 𝜎 = 1
(±1,±1,±1), 𝜎 = 2
 (3) 
and the weight coefficient is 
 𝜔𝝈 =
{
 
 
 
 
2
9
, 𝜎 = 0
1
9
, 𝜎 = 1
1
72
, 𝜎 = 2
 (4) 
The fluid density 𝜌𝑓 and the momentum density 𝜌𝑓𝒖 are given by 
 𝜌𝑓 =∑𝑓𝜎
𝜎
 (5) 
 𝜌𝑓𝒖 =∑𝑓𝜎
𝜎
𝒆𝝈 (6) 
The kinematic viscosity ν is related to the relaxation time 𝜏 and given by 
 𝜈 =
1
3
(𝜏 −
1
2
) (7) 
The immersed-boundary method coupled with the LBM was presented by Feng and 
Michaelides (2004). The fluid nodes are applied to a regular Eulerian grid, so every boundary 
solid node will not coincide with the exactly adjacent fluid node. Therefore, the fluid velocity 
at the boundary solid node can be extrapolated from the fluid velocity of the surrounding fluid 
72                                   Advantages of Nonlinear Elastic Potential in LBM 
 
 
The Hilltop Review, Winter 2014 
nodes by using a discrete Dirac Delta function (Peskin, 2002). 
 𝐷(𝒓) = {
1
64ℎ3
(1 + 𝑐𝑜𝑠 
𝜋∆𝑥
2ℎ
)(1 + 𝑐𝑜𝑠 
𝜋∆𝑦
2ℎ
)(1 + 𝑐𝑜𝑠 
𝜋∆𝑧
2ℎ
), |𝒓| < 2ℎ
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 (8) 
where the ℎ is the lattice length and 𝒓 = (∆𝒙, ∆𝒚, ∆𝒛) is a displacement between a boundary 
solid node and a boundary fluid node. The fluid nodes are within a spherical volume 𝛱 of 
radius of 2ℎ, centered at a given solid node. 
The fluid velocity 𝒖𝒇 at the position of the solid boundary node is given by 
 𝒖𝒇(𝒓
𝒃, 𝑡) = ∫ 𝒖(𝒓𝒍, 𝑡)
𝛱
𝐷(𝒓𝒍 − 𝒓𝒃)𝑑𝒓𝒍 (9) 
where 𝒓𝒃 is the boundary solid position and 𝒓𝒍 is the position of lattice fluid nodes within the 
sphere as shown in Figure 1. 
 
Figure 1: (a) The small circles represent the fluid particles; the squares denote the solid 
particles; the large circles represent spheres around their central solid particle. (b) Step 1 
shows that the flow velocities of fluid particles are interpolated to their central 𝑘th solid 
particle and step 2 shows that the reaction force of the 𝑘th boundary solid particle on the fluid 
is interpolated to its surrounding fluid particles. The arrows denote the interpolation from the 
fluid to the solid particle positions in step 1 and from the solid to the fluid particle positions in 
step 2. The figure is from Wu et al. (2014). 
Only a part of particles on a plane are shown in Figure 1 to illustrate the interaction between 
fluid and solid particles in a three dimensional space. The small circles represent the fluid 
particles and the squares denote the solid particles. The squares with the thicker edges are the 
boundary solid particles which directly interact with their surrounding fluid particles within a 
sphere. For example, the velocities 𝒖(𝒓𝒍, 𝑡) of the fluid particles around the 𝑘th solid 
boundary particles (see Figure 1(a)) are interpolated to the 𝑘th particle position in step 1 (see 
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Figure 1(b)) to have 𝒖𝒇(𝒓
𝒃, 𝑡) using Eq. (9). Under the non-slip condition, the boundary solid 
node velocity is equal to the fluid node velocity, and thus the momentum difference represents 
the interaction force 𝑭𝑖𝑛𝑡 on the solid boundary over one time step as follows 
 𝑭𝑖𝑛𝑡(𝒓𝒃, 𝑡) = 𝜌𝑓(𝒖𝒇(𝒓
𝒃, 𝑡) − 𝒖𝒔(𝒓
𝒃, 𝑡 − 1)) (10) 
 Next, the discrete Dirac delta function is used again to distribute the reaction force on the 
surrounding fluid nodes by 
 𝑔(𝒓𝒍, 𝑡) = −∫ 𝑭𝑖𝑛𝑡(𝒓𝒃, 𝑡)𝐷(𝒓𝒍 − 𝒓𝒃)𝑑𝒓𝒃
𝛤
 (11) 
where 𝑔 is the distributed reaction force and 𝛤 is a spherical volume of a radius of 2ℎ, located 
at 𝒓𝒍. The force distribution process is illustrated in step 2 of Figure 1(b). Finally the reaction 
force term is added to the Boltzmann equation as follows 
 
𝑓𝜎(𝒓 + 𝒆𝝈, 𝑡 + 1) = 𝑓𝜎(𝒓, 𝑡) −
1
𝜏
[𝑓𝜎(𝒓, 𝑡) − 𝑓𝜎
𝑒𝑞(𝒓, 𝑡)] 
+3𝜔𝜎(𝑔 ∙ 𝒆𝝈) 
(12) 
II. Generalized lattice spring model 
In mesoscopic scale, the inter-particle force can be regarded as following Hook’s law. 
Based on this idea, Buxton et al. (2005) provided the lattice spring model (LSM) to represent 
elastic structures. In addition, Wu et al. (2014) have presented the generalized lattice spring 
model (GLSM), which used angular bonds instead of diagonal spring to treat bending 
deformation. The model consists of three parts as follows. First of all, a solid body is 
discretized into particles and the solid particles space regularly. Secondly, two adjacent 
particles are linked by a harmonic spring. In this way, the harmonic spring energy 𝑈𝑠 acted on 
the 𝑖th node is give by 
 𝑈𝑠 =
1
2
𝑘𝑠∑ (𝒓𝑖𝑗 − 𝒓0𝑖𝑗)
2
𝑗
 (13) 
where 𝑘𝑠 is the spring coefficient; 𝒓0𝑖𝑗 is the equilibrium length of the spring between two 
neighboring particles 𝑖 and 𝑗; 𝑗 is nearest neighboring solid particle of the 𝑖th solid particle; 
𝒓𝑖𝑗 = 𝒓𝑖 − 𝒓𝑗. Three adjacent particles have a set of angular bond. The angular energy 𝑈
𝑎 is 
given by 
 𝑈𝑎 =
1
2
𝑘a∑ ∑ (𝜃𝑖𝑗𝑘 − 𝜃0𝑖𝑗𝑘)
2
k,k≠j𝑗
 (14) 
where 𝑘a is the angular coefficient; 𝑗, 𝑘 are the nearest neighboring solid particles of 𝑖th solid 
particle; 𝜃𝑖𝑗𝑘 is the angle between the bonding vectors 𝒓𝒊𝒋 and 𝒓𝒊𝒌; 𝜃0𝑖𝑗𝑘 is the corresponding 
equilibrium angle. 
The spring force is a two-body central force which allows either extension or 
compression between two solid particles, and the angular force is a three-body force which 
can handle bending deformation accurately. The sketch of GLSM is shown in Figure 2. 
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Figure 2: The solid particles are located in a cubic lattice and the particle lattices are linked 
by springs and angular bonds. The figure is from Wu et al. (2014). 
The elastic force 𝑭𝑖 on the 𝑖th solid particle can be computed from the gradient of the 
total energy. 
 𝑭𝑖 = −𝛻(𝑈𝑖
𝑠 + 𝑈𝑖
𝑎) (15) 
The total force 𝑭𝑇
𝑖 = 𝑭𝑖 + 𝑭
𝑖𝑛𝑡 drives the solid particle to move. The leap frog algorithm has 
been used to update the position and velocity of each solid particle at each time step by using 
Newtonian mechanism. The details about the leap frog algorithm are referred to in Chapter 3 
of the book by Allen and Tildesley (1987). 
III. Generalized lattice nonlinear spring model 
The generalized lattice nonlinear spring model (GLNSM) is similar to the generalized 
lattice spring model (GLSM). The only difference is that the harmonic spring is replaced by a 
non-linear spring force, which is a combination of FENE and Lennard-Jones potential. For the 
𝑖th particle, the non-linear potential is given by 
 𝑈𝑖
𝑛𝑠 = 𝑈𝑖
𝐹𝐸𝑁𝐸 + 𝑈𝑖
𝐿𝐽
 (16) 
where 𝑈𝑖
𝐹𝐸𝑁𝐸 is the FENE potential and 𝑈𝑖
𝐿𝐽
 is the Lennard-Jones potential. They are 
  𝑈𝑖
𝐹𝐸𝑁𝐸 = {
∑−
1
2
𝑗
𝐾𝑅0𝑙𝑛 [1 − (
𝒓𝑖𝑗
𝑅0
)2], 𝒓𝑖𝑗 < 𝑅0
∞, 𝒓𝑖𝑗 ≥ 𝑅0
 (17) 
 𝑈𝑖
𝐿𝐽 = {
∑4𝜂
𝑗
[(
𝜎
𝒓𝑖𝑗
)12 − (
𝜎
𝒓𝑖𝑗
)6], 𝒓𝑖𝑗 < 𝑅𝑐
0, 𝒓𝑖𝑗 ≥ 𝑅𝑐
 (18) 
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where 𝑅0 is the maximum of length of bonds, 𝐾 is the non-linear potential coefficient, σ is the 
distance at which the Lennard-Jones potential is equal to zero, 𝜂 is the potential depth of 
Lennard-Jones potential, and 𝑅𝑐 is the cutting radius of 𝑈𝑖
𝐿𝐽
. According to Kremer and Grest 
(1990), the relationships between parameters are usually set up as follows 
 𝑅0 = 1.5𝜎 (19) 
 𝐾 =
30𝜂
𝜎2
 (20) 
Because 𝑈𝑖
𝐿𝐽
 is created by the FENE potential plus Lennard-Jones potential, the 
equilibrium distance 𝑟𝑒𝑞  should have the minimum potential as shown in Figure 3.  
 
Figure 3: The FENE-LJ potential as a function of the ratio of 𝑟 to 𝜎. The minimum potential 
is at 𝑟/𝜎 = 0.9609. 
Therefore, the 𝑟𝑒𝑞  is related to 𝜎 as follows and the details are described in Appendix A. 
 𝑟𝑒𝑞 = 0.9609𝜎 (21) 
The harmonic spring can be extended without limitation, whereas the FENE-LJ (non-
linear) spring is restricted by maximum length of bonds 𝑅0, and usually less 1.2 𝜎 (Kremer & 
Grest, 1990). The non-linear spring can represent the physical properties more precisely as 
well. However, the relationship between microscopic parameters and Young’s modulus is 
reported in literature. In order to obtain the relationship, a strain ε and 𝒓0 = 𝒓eq are assumed, 
and thus the force is expanded as a series of power of strain ε at 𝒓 = 𝒓0. That is 
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 𝑭(𝒓0 + 𝒓0𝜀) = −𝛻𝑈
𝑁𝑆(𝒓0 + 𝒓0𝜀) ≅ −
942.8515𝜂
𝜎
𝜀 + 𝛰(𝜀2) (22) 
where 𝒓0𝜀 is a small deformation. The first result term 
−
942.8515𝜂
𝜎
𝜀 (23) 
is proportional to the strain 𝜀 and higher order terms are neglected. In Young’s modulus 
 𝐸 =
𝐹/𝐴
𝜀
 (24) 
𝐹 is the external force and 𝐴 is the area. In this model, the area 𝐴 is equal to 𝑟0
2 as shown in 
Figure 4, so the Young’s modulus is as follows 
 
𝐸 ≅
1021.1439𝜂
σ3
 
(25) 
 
Figure 4: The unit area of each node is a square (the red square) and its value is 𝑟0
2. The 
figure is from Wu et al. (2014). 
3. Results 
In order to validate the results in the previous section, the locomotion of a filament in 
fluid is introduced. In Wu et al. (2014), the GLSM has been proved that its results are reliable, 
so we can use the equilateral parameters and compare the results between the GNLSM and 
GLSM. 
An elastic cylindrical filament with the length 𝐿 = 50, the radius 𝑟 = 2.5 is constructed, 
and the simulation box (𝑁𝑥, 𝑁𝑦 , 𝑁𝑧) = (64,416,400). The structure coefficients (𝑘𝑠, 𝑘𝑎) =
(0.26,0.025) which represent Young’s modulus 𝐸 = 0.26. The equilateral stiffness 
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parameters in GNLSM are 𝜂 = 0.000287 and 𝜎 = 1.0407, which has the same Young’s 
modulus. Both the density of solid 𝜌𝑠 and the density of fluid 𝜌f are set to 1, 𝜌𝑠 = 𝜌𝑓 = 1. All 
above parameters are presented by non-dimension. 
A driven point is located at the center of the cross section of the right end of the filament. 
The motion of the driven point follows a harmonic function 
𝑧 = 𝑧0𝑠𝑖𝑛𝜔𝑡 (26) 
where amplitude 𝑧0 = 0.1𝐿, 𝜔 = 2𝜋𝑓 and driven frequency 𝑓 = 8𝐻𝑧. The maximum velocity 
for driven point is 𝑣𝑚𝑎𝑥 = 𝑧0𝜔, and the definition of Reynolds number is 
𝑅𝑒 =
𝑣𝑚𝑎𝑥 𝐿
𝜈
 (27) 
where 𝜈 is the viscosity of fluid. All cases are at 𝑅𝑒 = 10.21. 
 
Figure 5: The comparison between the GLSM (red line) and GLNSM (blue line) at step is 
equal to T/4. 
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Figure 6: The comparison between the GLSM (red line) and GLNSM (blue line) at step is 
equal to 2T/4. 
 
Figure 7: The comparison between the GLSM (red line) and GLNSM (blue line) at step is 
equal to 3T/4. 
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Figure 8: The comparison between the GLSM (red line) and GLNSM (blue line) at step is 
equal to T. 
In Figure 5, Figure 6, Figure 7 and Figure 8, the wave patterns of the GLNSM agree well 
with the patterns of the GLSM. The results show that Eq. (25) can represent Young’s modulus 
precisely by the GLNSM. 
4. Conclusion 
In the present work, the generalized lattice nonlinear spring model (GLNSM) has been 
introduced into lattice Boltzmann simulation. The Young’s modulus, which is a significant 
property of matters to describe extension, has been derived from FENE-LJ potential for a 
cubic lattice solid structure for the first time. A comparison between the GLNSM and 
generalized lattice spring model (GLSM) is made. The simulation results validate the 
GLNSM and its relationship to Young’s modulus. 
Appendix A 
In order to investigate the relationship between Young’s modulus and GLNSM, the force 
function is necessary which can be derived from the derivative of potential.  
𝐹𝑁𝑆 = −𝛻𝑈𝑁𝑆 
The parameters are set as Eqs. (19) and (20). The results of the potential 𝑈𝑁𝑆 and the force 
𝐹𝑁𝑆 are shown as follows 
𝑈𝑁𝑆 =
1
2
(30
𝜂
𝜎2
) (1.5𝜎)2 𝑙𝑛 [1 − (
𝑟
1.5𝜎
)
2
] + 4𝜂[(
𝜎
𝑟
)
12
− (
𝜎
𝑟
)6] 
𝐹𝑁𝑆 = −
30𝜂𝑟
𝜎2(1 −
4
9
𝑟2
𝜎2
)
− 4𝜂(−
12𝜎12
𝑟13
+
6𝜎6
𝑟7
) 
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In addition, the equilibrium distance 𝑟𝑒𝑞  is the distance at which the potential 𝑈
𝑁𝑆 is the 
minimum or the force 𝐹𝑁𝑆 is equal to zero. Therefore, we solve the equation FNS = 0 
numerically and the result is shown in Eq. (21) and Figure 3. 
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